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The expansion of a hypersonic turbulent boundary 
layer at a sharp corner 
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A sharp wedge expansion flap was tested in the von Kkm&n Institute Long- 
shot tunnel at Mach 16 and data on the wall pressure and heat transfer were 
obtained. Pitot pressure measurements in the boundary layer just ahead of the 
expansion flap were also made. The surface data are compared with predictions 
from a characteristics solution for the boundary-layer expansion and from a 
simple heat-transfer theory. 

1. Introduction 
In  the area of turbulent viscous-inviscid interactions, the expansion of a 

hypersonic turbulent boundary layer at  a sharp corner is a problem which has 
received little attention. Previous experimental studies have been restricted to 
Mach 5 and below and the main aim of the present study was to obtain surface 
data for a sharp wedge expansion corner in a Mach 16 flow. Zakkay, Toba & 
Kuo (1964) and Otis (see Reeves 1973) observed relaminarization of the expand- 
ing turbulent boundary layer, while Delery & Masure (1968) demonstrated the 
inviscid nature of the boundary-layer expansion. They applied the method of 
rotational characteristics to the expansion of the supersonic part of the initial 
boundary layer and found good agreement between the theoretical and experi- 
mental Pitot and static pressure profiles. The prediction of the present flows 
would provide a severe test for any theoretical method since the expanded 
boundary layer in the corner region is far from equilibrium. 

2. Apparatus 
The measurements were made in the von KBrm&n Institute Longshot tunnel 

using nitrogen as the test gas. The Longshot tunnel is a form of gun tunnel using 
a heavy piston (weighing from 2 to 7 kg) to produce a compression overshoot. The 
high-temperature high-pressure gas produced in the compression cycle is then 
trapped in a reservoir by the closing of a system of small valves as the piston 
rebounds. The test conditions decay monotonically during 10-20 ms of running 
time as the gas trapped in the reservoir exhausts through the 6" half-angle, 
conical nozzle into the test section. A fuller description of the tunnel has been 
given by Richards & Enkenhus ( 1970). The present tests were made at a nominal 
Mach number of 16 and all the data were taken 2 ms after the peak flow conditions, 
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FIGURE 2. Typical traces; M, = 16, Re, 
(a) Turbulent heat transfer. ( b )  Wall pressure. 

The relevant conditions in the reservoir were p,, = 3260 atm and To = 1700 O K ,  

although owing to real-gas effects the equivalent supply conditions of the perfect 
gas flow in the test section were po  = 4930 atm and To = 2160 OK. The nominal 
free-stream unit Reynolds number was 2.9 x lo5 em-l. 

The model was a sharp flat plate inclined at  an angle of incidence of 10*Go 
and fitted with an adjustable trailing-edge flap. The flat plate was 30cm long 
and the flap 18cm long, while the model span was 18cm. The leading-edge 
thickness was about 0-005 em and tests were made a t  flap angles of 0,  -5",  
- 10" and - 15". Figure 1 illustrates the model in the Longshot tunnel. The 
model was instrumented with thin-film, platinum-on-glass, resistance thermo- 
meters and static pressure orifices in the region of the centre-line. The sur- 
face temperature signals from the thin-film gauges were converted into the 
heat-transfer rate by analog networks. Pressures were measured using Hidyne 
variable-reluctance differential pressure transducers fitted with 0.1, 0.25, 0.5 
and 3-Opsi diaphragms and connected by tubing to 3mm diameter orifices. 
Typical wall pressure and heat-transfer-rate traces are shown in figure 2. 

A problem associated with the use of thin-film gauges in the Longshot tunnel 
is abrasion of the gauges by high-speed particles. The resistances of the thin- 
film gauges were checked before and after a run and average increases of 5 % for 
the gauges on the wedge and 2 yo for the gauges on the 5' expansion flap were 
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found. It itppeared, however, that the flow abrasion did not affect the heat- 
transfer measurements in the period of interest. 

For the Pitot pressure profile, four individual probes spaced across the centre- 
span were used and the pressures were measured using Kistler type 601 A, 
0-250 atm and 603 B, 0-200 atm piezoelectric transducers. 

3. Results and discussion 
Pitot pressure measurements were made in the boundary layer on the wedge 

0.5 em ahead of the corner position with the flap set at  0". The data were used 
to determine the Mach-number profile shown in figure 3(a ) ,  where the static 
pressure was assumed constant across the boundary layer and was taken to be 
the estimated inviscid pressure with an allowance for the turbulent boundary- 
layer displacement. This pressure agrees with the wall pressure measurements 
described later. The boundary-layer thickness 6 was estimated from the profile 
data and the schlieren photographs, while the subscript e, in the figure, refers to 
the conditions a t  the edge of the boundary layer. In  order to estimate the velocity 
and enthalpy profiles, the linear Crocco enthalpy-velocity relation with a unit 
Prandtl number was used. This relation, which is usually representative of 
'flat-plate' boundary layers (see Bushnell et al. 1969), gives 

where the subscript w refers to the conditions at  the wall. II and He were elimi- 
nated from the Crocco relationship by using the energy equation 

this resulted in a quadratic equation solvable for UIUe. The solution was then 
substituted into (1)  to find H/He. The velocity profile is shown in figure 3(b) and 
it Can be seen that the outer profile data lie approximately on the curve given by 
the power law with N = 9, i.e. 

UlU, = ( Y / V ,  (3) 

which implies that the turbulent boundary layer is not fully developed. This 
agrees with the results of previous studies, e.g. Hopkins et al. (1972), which have 
indicated that the boundary layer may not be fully developed in the region just 
after transition and in which values of N between 6 and 12 have been found. 
Total-temperature measurements in the boundary layer were made by a tech- 
nique using fine tungsten wires, although the conditions in the Longshot tunnel 
made the accurate assessment of corrections very difficult. The measurements 
were therefore discarded and so did not allow a check on the validity of the Crocco 
relation. 

From the schlieren photographs, shown in figure 4 (plate I),  the beginning 
of transition in the region 12cm from the leading edge can be seen. The weak 
expansion waves emanating from the boundary layer at x = 7.5 em are due to a 
misalignment in incidence of 0.2" between the leading-edge section and the plate. 
At the corner, the boundary layer is 4.6 mm thick and it appears that there is very 
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FIGURE 3. Turbulent boundary-layer profile data at x = 29.5 cm; Me = 7.35, 13 = 4.6 mm, 
H,/He = 0.13, Reo = 3300. ( a )  0, Mach-number data. ( b )  0, velocity data; ---, velocity 
power laws with N = 6, 8 and 10. 

x (cm) 
FIGURE 5. Pressure distribution on the expansion-corner model; M ,  = 16, Re, = 2.9 x lo5 
cm-1, H,/H, = 0.13. ---, estimated inviscid pressure distribution; , estimated 
pressure distribution including turbulent boundary-layer displacement; a, present experi- 
mental data, flap angle a = 0"; - , method o f  characteristics. ( a )  LZ = - 5 " ;  0, present 
experimental data. ( 6 )  a = - 10"; x , present experimental data. ( c )  a: = - 15'; 0, present 
experimental data. 

little upstream influence, while downstream of the corner, the edge of the 
boundary layer (figures 4(a)  and (b)  only) and a sublayer (figure 4(b)  only) can 
be seen. 

The experimental pressure data for the expansion corners are shown in figure 5 .  
On the wedge, the data are in good agreement with the estimated pressure dis- 
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FIGURE 6. Two-layer model of turbulent boundary-layer expansion. 

tribution which includes the turbulent boundary-layer displacement. To allow 
for the conicity of the free-stream flow, the pressure on the wedge was calculated 
using the local angle of attack and local flow conditions, while the growth of the 
turbulent boundary-layer displacement 6" was estimated using &*/a, calculated 
from the profile data, and dS/dx,  measured from a schlieren photograph. The data 
downstream of the corner are compared with the results from the characteristics 
solution for the boundary-layer expansion. The initial Mach-number and velo- 
city profiles for the solutions are those given in figures 3(a) and (b) .  A diagram of 
the interaction model is shown in figure 6. It is assumed that there is no upstream 
influence and the boundary layer is divided into an inviscid supersonic outer 
layer and an inner layer. The division between the two layers is taken as the 
streamline which originates from the sonic point in the initial flow. The outer 
layer is then analysed by the method of rotational characteristics while the inner 
layer is assumed to have no effect on the interaction and so remains unchanged. 
Note that the thickness of the inner layer is only about 4 %  of the boundary- 
layer thickness. The numerical solution for the outer layer proceeds downstream 
of the first Mach line with the total expansion angle divided into a series of steps 
and makes use of the fact that, a t  the corner, the flow is locally a Prandtl- 
Meyer expansion. Typically, forty points across the boundary layer and twenty 
steps a t  the corner are taken, while the finite-difference equations used are those 
given by Oosthuizen (1967). The agreement between the theory and experiment 
is favourable for all three expansion angles. I n  the theoretical solution, allow- 
ance was made for the non-parallel flow in the boundary layer upstream of the 
corner, while the flow in the boundary layer was assumed to be two-dimensional. 

The heat-transfer data are shown in figure 7, together with theoretical esti- 
mates. On the wedge, the heat transfer is typical of transition a t  high Mach num- 
ber. A region of laminar flow is followed by an almost equal length of transitional 
flow to the point of peak heating. The theoretical estimates were obtained by 
assuming local flat-plate boundary-layer similarity of the laminar and turbulent 
flows. Thus the main effect of the pressure gradient was assumed to be on the 
thickness and not on the shape of the boundary-layer profiles. Lees (1956) has 
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FIGURE 7. Heat-transfer-rate distribution on the expansion-corner model; M, = 16, 
Re,  = 2.9 x 106cm-', H,/H, = 0.13. ---, laminar boundary-layer theory; -, turbulent 
boundary-layer theory. (a) a = 0"; A, present experimental data. ( b )  a = - 5'; 0, present 
experimental data. (c) a = - 10"; x , present experimental data. (d )  a = - 15'; 0, present 
experimental data. 

described the laminar theory. The turbulent theory uses the energy thickness I? 
defined by =I8< o P e  e ( . l - - g ) d y )  (4) 

so that the integral form of the energy equation may be written as 

d(p,u,H,F)/dx = a. ( 5 )  

Thus r can be found directly from the measured heat-transfer-rate distribution 

and the inaccuracy of defining a virtual origin is avoided. The predicted heat- 
transfer rate is then obtained from the local flat-plate value for the Stanton 
number, based on the local flow conditions (see Walker 1960). The Stanton 
number is derived from the flat-plate skin-friction coefficient given by 

= 0 . 0 1 3 R e , ) ( ~ * / ~ e ) ) p * / ~ e  7) 

and the relation between the energy thickness r and the momel~tum thickness 
8, which is 

F is the Reynolds analogy factor, while the subscript r denotes the recovery 
condition and starred quantities are to be evaluated at  the Eckert (1955) refer- 
ence temperature 

T*/Te = 0.5 (T,/Te+ 1)  + 0.044r M i )  (9) 
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FIGURE 8. Correlation of present heat-transfer-rate data downstream of the expansion 
corner; M, = 16, Re, = 2.9 x 106cm-l, H w / H m  = 0-13. 0, experimental data at a = - 5'; 
x , experimental data at a = - 10"; 0, experimental data at a = - 15"; - , mean line 
through data. 

where r is the recovery factor. It can be seen from figure 7 that there is good 
agreement between the turbulent heat-transfer prediction and the experimental 
data from the wedge. The Reynolds analogy factor P and the recovery factor r 
were taken as 1.1 and 0-9. 

It is encouraging to note here that the energy thickness of the boundary layer 
just upstream of the corner estimated from the measured heat-transfer distribu- 
tion and using (6) is approximately I? = 0.036 6, while from the profile data, the 
result is = 0.0328. Some of the difference can be accounted for by the free- 
stream conical flow, so that the two estimates of r are in good agreement. 

The heat-transfer distributions downstream of the corner are similar in form 
to the wall pressure distributions, a feature which has also been found for com- 
pression-corner flow (see Coleman & Stollery 1972). This similarity therefore 
suggests that there is a direct relation between the local heat transfer and wall 
pressure. The present data, shown in figure 8, give the approximate correlation 

where the subscript fp refers to the conditions on the flat-plate model, i.e. at zero 
flap angle. An indication that the boundary layer downstream of the corner is 

a/& = (P/Pfp)1'23, (10) 
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turbulent is given by the heat-transfer traces. For the decaying reservoir con- 
ditions in the Longshot tunnel, the heat transfer downstream of the corner 
decays at a rate similar to that for the region of turbulent flow just upstream 
of the corner. This rate of decay is considerably higher than that in the laminar 
flowregion near the leading edge. Predictions from both the local flat-plate turbu- 
lent boundary-layer similarity theory and the laminar equivalent of this theory 
are also shown in figure 7, where the pressure in the boundary layer was taken as 
the measured wall pressure and the energy thickness was estimated from the 
experimental heat-transfer-rate distributions. In  the laminar theory, the only 
differences from the turbulent boundary-layer analysis, described earlier, are 
that ( 7 )  is replaced by the relation obtained from the Eckert (1955) reference- 
enthalpy method, i.e. 

while the Reynolds analogy factor and the recovery factor are Pr*-+ and Pr"3. 
It can be seen from the figure that the experimental data lie closer to the pre- 
dictions from the turbulent theory and are well above the laminar theoretical 
results. The turbulent theory predicts the data reasonably well for the 5" expan- 
sion-corner case but overpredicts by 50-75% for the loo and 1 5 O  expansion 
corners. A significant effect on the heat transfer to the wall may be the reduction 
of turbulent mixing associated with the streamline curvature. Thomann (1968) 
measured the heat-transfer distributions at  Mach 2.5 on both a flat plate and a 
convex wall where the wall pressures were kept similar by using external com- 
pression or expansion surfaces. The results showed that the heat transfer on the 
convex surface was considerably lower than that on the flat plate. Thomann 
attributed the difference to the effect of the normal pressure gradient on the 
turbulent mixing in t.he boundary layer. 

&cf = 0-220C*IReo, (11)  

4. Conclusions 
High-Mach-number data have been obtained for the expansion of a turbulent 

boundary layer a t  a sharp corner and the data have been compared with the 
results from two simple analyses. Predictions from a characteristics solution for 
the expansion of the boundary layer and external flow compare favourably with 
the experimental wall pressure data. When compared with results from the local 
flat-plate boundary-layer similarity theory, the heat-transfer-rate data down- 
stream of the corner lie much closer to the turbulent predictions than to the 
laminar predictions. 

The author wishes to acknowledge Dr B. E. Richards and E. Backx for their 
detailed comments and is grateful to the Royal Society for financial support, 
during the course of this work, in the form of a fellowship in the European Science 
Exchange Programme. 
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FIGIJI~E 4. Sclilieren photographs of the flow over ( a )  the 5" exparision corner. ( b )  the 10" 
1 _  ~, 

cxparision corner and (c )  the 15' expansion cornor; M, = 16, Re, = 2.9 x lO5crn-', 
H,/Hm = 0.13. 
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